
2019-3 Final Solutions 

 

1a) Either 𝑎 ≻ 𝑏, 𝑏 ≻ 𝑐, 𝑐 ≻ 𝑎 or 𝑎 ≻ 𝑐, 𝑐 ≻ 𝑏, 𝑏 ≻ 𝑎 

 

1b) No. Take the first answer given in part a. By definition, for a utility function 𝑢(. ) to 

represent it, we need 𝑢(𝑎) > 𝑢(𝑏), 𝑢(𝑏) > 𝑢(𝑐) and 𝑢(𝑐) > 𝑢(𝑎). However, the first two 

parts imply 𝑢(𝑎) > 𝑢(𝑐), which contradicts the third part, so such a 𝑢(. ) does not exist. 

 

2. No. If 𝑠 is an ESS, then by definition, for any other strategy 𝑠′, we must have either 𝑢(𝑠, 𝑠) >
𝑢(𝑠′, 𝑠) or 𝑢(𝑠, 𝑠) = 𝑢(𝑠′, 𝑠), where 𝑢(𝑎, 𝑏) denotes the utility of the player playing 𝑎 when 

the other player plays 𝑏. This implies that 𝑠 is a best response to 𝑠. By definition, this means 

that (𝑠, 𝑠) is a Nash equilibrium. 

 

3a) If player 2 gets to play, they will choose T because 2 > 1. As a result, player 1 gets 0 by 

playing P, while playing T leads to a payoff of 1. Therefore, player 1 chooses T, and the only 

SPE is (T,T). 

 

3b) Here, player 2 is indifferent between playing T and P. If they play T, the reasoning is 

identical as in part a, and the resulting SPE is again (T,T). If they play P, then player 2 gets 2 

by playing P, while playing T leads to a payoff of 1. Therefore, player 2 chooses P, and 

therefore we have a second SPE: (P,P). 

 

3c) Player 2’s payoff is either lower (after outcome (P,T)) or the same (after other outcomes) in 

𝐺′ than in 𝐺. 

 In pure-strategy SPE, player 2’s payoff is either higher or the same in 𝐺′ (0 or 1) than in 𝐺 

(0). 

 Thus the comparisons do not go in the same direction. 

 

 This apparent paradox happens because reducing player 2’s payoff after (P,T) makes it 

possible that player 2 will choose the action that is better for player 1 (P). Knowing that, 

player 1 may expect that and find it worthwhile to play P, which leads to a higher payoff than 

T for player 2. 

 In other words, it is better for player 2 if player 1 thinks that player 2 will play P (since 

player 1 would otherwise play T), but that is possible only if player 2’s payoff by playing T 

is low enough. 

  

3d) If player 2 mixes with probability 𝑝 of P and (1 − 𝑝) of T, then player 1’s expected payoff 

from playing P is 2𝑝 + 0(1 − 𝑝) = 2𝑝. This is greater than player 1’s payoff from playing T 

(which is 1) if 𝑝 > 0.5, equal if 𝑝 = 0.5, and less if 𝑝 < 0.5. Thus, player 1’s best response 

is P if 𝑝 > 0.5, T if 𝑝 < 0.5, and anything if 𝑝 = 0.5. Thus, the non-pure SPEs and 

corresponding possible outcomes are: 

SPE Possible Outcome(s) 

(P; P with prob. 𝒑 and T with prob. 𝟏 − 𝒑) for any 𝒑 ∈ [𝟎. 𝟓, 𝟏) (P,P), (P,T) 

(T; P with prob. 𝒑 and T with prob. 𝟏 − 𝒑) for any 𝒑 ∈ (𝟎, 𝟎. 𝟓] T 

(Any non-pure strategy; P and T with prob. 0.5 each) T, (P,P), (P,T) 

 



4. After histories containing a defection by either player, both players are supposed to always 

defect. In these subgames, both are best responding regardless of discount factor since if you 

can’t influence your opponent’s play, you have no reason to cooperate. 

 

After histories where no defection has occurred (so both players are supposed to cooperate), 

the total discounted payoff from continued cooperation must at least equal the one from 

defection. “Cooperate” is the dominated strategy of the stage game (A for player 1, Y for 

player 2), while “Defect” is the dominant strategy of the stage game (B and X respectively). 

Thus, for player 1, the payoff stream (7,7,7,…) must be worth more than (8,4,4,…), so: 
7

1 − 𝛿
≥ 8 +

4𝛿

1 − 𝛿
 

This is equivalent to: 

𝛿 ≥ 1/4 

For player 2, (6,6,6,…) must be worth more than (9,5,5,…), so: 
6

1 − 𝛿
≥ 9 +

5𝛿

1 − 𝛿
 

This is equivalent to: 

𝛿 ≥ 3/4 

For both conditions to be satisfied, we need 𝜹 ≥ 𝟑/𝟒. 

 

5. (T,L) and (B,R): It is easy to see that these are the only pure-strategy NE. 

 

 For player 1 to mix in NE, it must be that player 2 plays pure strategy L: if there is any 

chance of R, player 1 strictly prefers B to T. Therefore, there is no NE with both players mix. 

(If you do the usual math with the indifference condition, you’ll see this too.) 

 

 Now, note that L is not a best response to anything other than pure strategy T: if there is any 

chance of B, player 2 strictly prefers R to L. Thus player 1 mixes -> player 2 plays L -> 

player 1 plays T, which is a contradiction. Therefore, there is no NE where player 1 mixes. 

Since this is a symmetric game, a similar reasoning shows that there is no NE where player 2 

mixes. Therefore, even NEs where only one player mixes don’t exist. 

 

 (You may also solve this problem by drawing the best response graphs. In that case, you’ll 

find that each best response graph consists of two adjacent edges, and that because no edge is 

in both graphs, they meet only at the two corners that correspond to (T,L) and (B,R).) 

 

6. First, note that 0 is dominated by 1: when the opponent plays 1 or more, playing 1 instead of 

0 increases payoff by 1; when the opponent plays 0, playing 1 instead of 0 gives a payoff of 

99 instead of 0. Thus, we can delete 0 for both players. 

 

 We can generalize the argument above: suppose both players choose from {𝑥, 𝑥 + 1, … ,100}. 
Then as long as 𝑥 < 99, 𝑥 + 1 dominates 𝑥: when the opponent plays 𝑥 + 1 or more, playing 

𝑥 + 1 instead of 𝑥 increases payoff by 1; when the opponent plays 𝑥, playing 𝑥 + 1 instead 

of 𝑥 gives a payoff of 100 − (𝑥 + 1) = 99 − 𝑥 instead of 0. Thus, after deleting 0 for both 

players, we can delete 1 for both players, then 2, and so on up to and including 98. 

 



 When only 99 and 100 remain, the game played is the same as the one in Question 5, where 

T and L correspond to 99, and B and R correspond to 100. Since all pure strategies are 

sometimes a best response, ISD stops. As a result, 99 and 100 survive ISD for both players. 

 

7a) (S,S,S). It is the only NE because S is each player’s dominant strategy: regardless of what 

others do, playing W instead of S changes a player’s payoff by 1 − 𝐶 < 0 since 𝐶 > 1. 

  

7b) (B,B,B) and (D,D,D). Each of these is a NE because they give all players a positive payoff 

while any player deviating gets 0. Other pure strategy profiles are not NE because they 

involve one player being “left out,” and that player would gain by deviating to the same 

strategy as the others (to get a positive payoff instead of 0). 

 

7c) Let p be the probability of D for all 3 players. Then, from any player’s perspective, the 

probability that the other two players both play D is 𝑝2, the probability that they both play B 

is (1 − 𝑝)2, and the probability that one plays B and one plays D is 2𝑝(1 − 𝑝). Thus, the 

expected utility of playing… 

- B is equal to 𝑝2(0) + (1 − 𝑝)2(2) + 2𝑝(1 − 𝑝)(1) 
- D is equal to 𝑝2(6) + (1 − 𝑝)2(0) + 2𝑝(1 − 𝑝)(3) 
Since we need players to be indifferent between B and D, we set these equal, which gives: 

(1 − 𝑝)2(2) + 2𝑝(1 − 𝑝)(1) = 𝑝2(6) + 2𝑝(1 − 𝑝)(3) 
2 − 4𝑝 + 2𝑝2 = 6𝑝2 + 4𝑝 − 4𝑝2 

2 = 8𝑝 

Thus, 𝑝 = 1/4, so NE is (1/4 D, 3/4 B; 1/4 D, 3/4 B; 1/4 D, 3/4 B). 

 

7d) Since M has only one NE, in every stage 2 subgame, that NE must be played. Therefore, 

what happens in stage 1 does not affect play in stage 2. As a result, best responses in the 

whole game involve players maximizing their immediate payoff in stage 1, so they must play 

a NE of N in stage 1. Therefore, the only pure-strategy SPEs are ((B,S),(B,S),(B,S)) and 

((D,S),(D,S),(D,S)). 

 

7e) 𝑪 ∈ (𝟏, 𝟑). Consider the following strategy profile: “Each player plays (W; then D if 

(W,W,W) was played in M, and B otherwise).” This is an SPE for the stated range of C 

because: 

- In the stage 2 subgame, a NE of N is played after each history (either (D,D,D) or 

(B,B,B)). 

- In stage 1, W gives a player a payoff (total in the whole game) of 3-C+6 = 9-C, while S 

gives a player a payoff of 2+2 = 4. The former is greater since C < 3. 

If C ≥ 3, then the maximum sum of the 3 players’ payoffs in M is achieved with (S,S,S): any 

player working would change that sum by 3-C, and thus fail to increase it. Obviously, in 

game N, the maximum total payoff is achieved with (D,D,D). Therefore, it is not possible to 

do better than “(D,D,D) in N and (S,S,S) in M,” and that is already achieved in a SPE of NM. 

 

8a) Merchants may be playing a repeated prisoner’s dilemma: each individual merchant setting a 

low price increases own sales and profit, but everyone doing so decreases everyone’s profit. 

Price comparison websites make merchants’ actions observable. This allows merchants to 

enforce high prices (cooperation) by punishing those that set low prices (i.e. deviate). 



 

8b) Websites can choose to allow merchants to only submit prices once a day instead of doing so 

at any time. This works by allowing a deviating firm to make more profit before it can be 

punished. Mathematically, by lengthening the time between each “period,” this effectively 

reduces each merchant’s discount factor, which makes it less likely for high prices 

(cooperation) to be sustainable. Moreover, in the case of a small not-yet-established merchant 

that moves between categories of goods, by the time others try to punish it, it may have 

already moved on elsewhere. 

 

 


